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• regression
• biplots
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data characteristics …

• characteristics of the data
• will assume the data is a table (matrix) of real values

• ex: revenue of each store from different products
• ex: performance of athletes in a set of races• ex: performance of athletes in a set of races
• ex: height, weight, blood pressure, etc. for patients

• data is a table of records (rows) which each have the 
same variables (columns) 

• no categorical data 
except class variable 
in some data

  

ID Income Age 
# years at 
present 
address

Credit 
Worthy 

1 45k 35 5 Yes 

2 32k 23 2 No
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• assume no 
missing data 

2 32k 23 2 No 

3 40k 27 1 No 

4 50k 55 10 Yes 

… … … … … 
10 

 Variable 
Type 

Description 
 

Examples 
 

Operations 
 

o
ri

ca
l 

ta
ti

ve
 

Nominal 
 

Nominal variable 
values only  
distinguish. (=, ) 

zip codes, employee 
ID numbers, eye 
color, sex: {male, 
female} 

mode, entropy, 
contingency 
correlation, 2 
test 

data characteristics  (due to S. S. Stevens)

C
at

eg
Q

u
al

i t

Ordinal Ordinal variable 
values also order 
objects.  
(<, >) 

hardness of minerals, 
{good, better, best},  
grades, street 
numbers

median, 
percentiles, rank 
correlation, run 
tests, sign tests 

er
ic

 
ta

ti
ve

 

Interval For interval 
variables, 
differences between 
values are 

i f l ( )

calendar dates, 
temperature in 
Celsius or Fahrenheit 

mean, standard 
deviation, 
Pearson's 
correlation, t and 
F t t
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N
u

m
e

Q
u

an
ti

t

meaningful. (+, - ) F tests
Ratio For ratio variables, 

both differences and 
ratios are 
meaningful. (*, /)

temperature in Kelvin, 
monetary quantities, 
counts, age, mass, 
length, current

geometric mean, 
harmonic mean, 
percent variation 
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• display data in a way that allows people to interpret the structure of the data
• Plots are from Fisher’s Iris data set 

multivariate analysis techniques: visualization

Virginica. Robert H. 
Mohlenbrock USDA

Setosa

Versicolour

box plots scatter plots

Mohlenbrock. USDA 
NRCS. 1995. Northeast 
wetland flora: Field office 
guide to plant species. 
Northeast National 
Technical Center, Chester, 
PA. Courtesy of USDA 
NRCS Wetland Science 
Institute. 
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Virginica

parallel plot Chernoff faces

• group data into meaningful groups 
• useful for understanding
• useful for summarization

• important distinction between 
hierarchical and partitional

multivariate analysis techniques: clustering

p
clustering 

• partitional clustering is a division of 
data objects into non-overlapping 
subsets (clusters) such that each 
data object is in exactly one subset

• k-means is most common example
• hierarchical clustering is  a set 

of nested clusters organized as a 
hierarchical tree

Original 
Points

A Partitional  
Clustering
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• common hierarchical techniques are
single link, complete link, group average, 
Wards

• many, many techniques

p4p1 p2 p3

Hierarchical clustering of 4 points
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• Anomaly: object that is different from
most other objects in the data set

• many statistical and non-statistical 
techniques have been developed
• model based

di t b d

multivariate analysis techniques: anomaly detection

• distance based
• density based 
• pattern based
• graphical 

• PCA and other dimensionality reduction 
approaches can make outliers more 
obvious 
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• Chandola, V., Banerjee, A., and Kumar, V. 2009. Anomaly 
detection: A survey. ACM Comput. Surv. 41, 3 (Jul. 2009), 1-58. 
DOI= http://doi.acm.org/10.1145/1541880.1541882 

• given a set of training data with class labels for objects 
(observations), create a model to predict the class membership 
of a new object (observation)

• many approaches in machine 
learning and data mining

• decision tree 

multivariate analysis techniques: classification

Decision tree for predicting credit worthiness

Employed

No Yes

• rule-based methods
• nearest-neighbor
• neural networks
• naïve Bayes and Bayesian networks
• Support Vector Machines (SVM)
• random forests

• in multivariate statistics discriminant 
analysis is traditionally used

No Education

Number of
years

Graduate
{ High school,
  Undergrad }

Yes No

 > 7 yrs < 7 yrs

Yes

Number of
years

No

 > 3 yr < 3 yr
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analysis is traditionally used
• Linear Discriminant Analysis (LDA) finds a linear combination of 

features which separate two or more classes of objects
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• find groups of variables that are strongly associated

• given two data sets, Canonical 
Correlation Analysis (CCA) is used 
for discovery and quantification

multivariate analysis techniques: association analysis

for discovery and quantification 
of associations between two 
sets of variables

• in data mining, frequent pattern 
mining and association rule 
mining is used to find groups 
f l t d i bl i bi

null

AB AC AD AE BC BD BE CD CE DE

A B C D E

ABC ABD ABE ACD ACE ADE BCD BCE BDE CDE
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of related variables in binary 
transaction data 

ABCD ABCE ABDE ACDE BCDE

ABCDE

• purpose
• capture key features of the data
• avoid curse of dimensionality
• reduce amount of time and memory required by data mining 

algorithms
• allow data to be more easily visualized
• may help to eliminate irrelevant features or reduce noise

multivariate analysis techniques: dimensionality reduction

y p
• techniques

• feature selection (manual or automatic) 
• Multidimensional Scaling (MDS) 
• Principal Components Analysis (PCA)

• correspondence analysis is a similar technique for categorical data
• Singular Value Decomposition (SVD)
• factor analysis 

• reduces large number of variables to a smaller number of (hopefully) more 
interpretable and useful factors for modeling purposes
PCA b d d f f thi
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• PCA can be regarded as one form of this
• “Repairing Tom Swift’s Electric Factor Analysis Machine”, Preacher and 

MacCallum, 2003, Understanding Statistics, 2(1), 13–43
• many other techniques, including supervised and non-linear 

approaches
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• basic concepts
• temporarily, assume data is  

multivariate normal
• then it has an ellipsoidal 

distribution in multiple dimensions
• If the data has p dimensions, then

PCA finds p new variables which 
are linear combinations of the

multivariate analysis techniques: principal component analysis

are linear combinations of the 
old variables 

• most simply, the new variables represent a removal of the mean 
and a rotation of the coordinate axes to match the ellipsoid 
axes

• mathematically, the linear combinations (components)  are 
defined by the eigenvectors of the covariance matrix 

• thus, the first new variable captures as much variability in the 
data as possible with a single linear projection

• additional variables (components) capture the maximum 
amount of variability subject to the constraint that they must be
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amount of variability subject to the constraint that they must be 
orthogonal (uncorrelated) to the previous variables

• dimensionality reduction is achieved by keeping only some of 
the components 

• in practice the covariance matrix is estimated from the data and 
the coordinates (scores) of each data point is given in the new 
coordinate system

principal component example
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SAS for PCA: step by step

• a brief definition of PCA

• assume we have p random variables,                         , 
the variance-covariance matrix for x is Σ

f th 1 t i i l t l ki f

      
x=(x1,...,xp ) 

• for the 1st principal component, we are looking for a 
vector,                           , such that

• is maximized among 
all linear combinations of x and 

•

• in addition to the above conditions, any additional 

        a1 = (a11,...,a1p ) 

    a 1a1 =  1

          var( a 1x = a11x1  ...a1pxp)
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, y
principal component,        , must also be uncorrelated 
with all previous (j – 1) principal components

      a jx

SAS for PCA: step by step

• principal components are uncorrelated with each other

• the first principal component accounts for the maximum 
variation, the second principal component accounts for 
the highest variation among all the linear combinationsthe highest variation among all the linear combinations 
uncorrelated with the 1st, etc.

• the first k principal components are the best linear 
predictors of the original variables among all possible sets 
of k variables

• the first k principal components provide the best possible 
fit t th d t i t d b th f d
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fit to the data points as measured by the sum of squared 
perpendicular distances from each data point to the linear 
subspace spanned by these k principal components  
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Data set

• national track records for women from the 
IAAF/ATFS Track and Field Statistics Handbook for 
the 1984 Los Angeles Olympics
• note: the dataset for women was selected for illustration• note:  the dataset for women was selected for illustration 

purpose only

• seven race events are studied here:
• 100, 200, 400, 800, 1500, 3000 meters, and Marathon

• first three events are recorded in seconds and the 
remaining four events are in minutes

• objective of the study:
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• objective of the study:

• overall performance in the track events

Data set

• 1st 35 records in the data set

Supercomputing Institute
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SAS code for PCA: step by step

• the procedure princomp analyzes the correlation matrix 
by default

• choose the option “cov” for using the covariance matrix

• if “cov” is used, make sure the variables are measured on 
comparable scales
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p

• default PCs’ names (Prin1, …,Prin7) can be changed by 
the “prefix” option with the proc statement, e.g. prefix=PC

SAS code for PCA: step by step
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SAS code for PCA: step by step
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SAS code for PCA: step by step

• obtain principal components from the output:

• let Σ be the variance-covariance or correlation matrix 
of p variables x1, …, xp

l t λ λ λ b th i l f Σ d• let λ1, …, λj, …,  λp be the eigenvalues of Σ and a
1
, …, 

ap be the corresponding eigenvectors

• here we assume λ1 is the largest eigenvalue, …, and 
λp is the smallest one

• a
1
’x = a

11
x1 + … + a

1p
xp

where a = (a    a )’ a ’a = 1 and var(a ’x) is
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where a
1

= (a
11

, …,  a
1p

) , a
1
a

1 
= 1, and var(a

1
x) is 

the maximum among all linear combination of x
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SAS code for PCA: step by step

• from the output:

• the 1st principal component         (i.e. PC1) is

    .3684x1  .3654x2  .3816x3  .3846x4  .3891x5  .3889x6  .367x7

      a 1x

• the variance of          is    

• explains about                                                      
of the total variance

• it measures a weighted average of all 7 races with 
about equal weight   

• the 2nd principal component (i e PC2) is

  1  5.8057      a 1x
      a 1x     

82.94%  5.8057

totalvaiance
100 

5.8070

7
100
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the 2 principal component (i.e. PC2) is 

• explains 9.34% of the total variance

    .49x1  .5366x2  .2465x3  .1554x4  .3604x5  .3475x6  .3692x7

  2  0.6536

SAS code for PCA: step by step

• observations from the result:

• the 1st principal component (with variance λ1) explains 
about 83% of the total variation in the data

th fi t th i i l t ll t th• the first three principal components all together 
actually explain about 97% of the total variation

• all coefficient elements of the 1st eigenvector are 
positive, which can be considered as a measure of the 
average overall performance

• the coefficients of the 2nd eigenvector measure the 
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difference between the first three races (short 
distance) and the last four races (long distance)
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SAS code for PCA: step by step

• all principal components  are saved in the “out” file

• overall performance can be ordered for all countries 
based on the first principal component

f i i l t b iti
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• scores of principal components can be positive, 
negative, or zero because of the centering in the 
correlation or covariance matrix  

SAS code for PCA: step by step
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SAS code for PCA: step by step
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SAS code for PCA: step by step

• exploring

clusters 

or other 

patterns 
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SAS code for PCA: step by step

• PCA starts with the correlation matrix of the data

• based on a correlation matrix, PCA scores 
corresponding to ith observations are defined as:

a’ D-1/2(x – )  a’ D-1/2(x – )  a’ D-1/2(x – )x x x a 1D (xi ),…, a jD (xi ),…, a pD (xi )

i = 1,…, n where D represents the diagonal elements of 
the covariance matrix;  here D-1/2  

is for standardization,

xi represents the data vector and     represents the p by 
1 sample mean; aj, j = 1, …, p, are the p 
eigenvectors of the correlation matrix

  x   x   x 

  x 
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eigenvectors of the correlation matrix

• this is equivalent to forcing all variables to have equal 
variance and the total variance to be equal to p

SAS code for PCA: step by step

• PCA starts with a covariance matrix of the data

• PCA scores corresponding to the ith observations 
in the covariance case are defined as:

’ ( ) ’ ( ) ’ ( )a’1(xi– ),…, a’j(xi– ),…, a’p(xi– ),             
i = 1, …, n

where a’1 ,…, a’j ,…, a’p be the p transposed 
eigenvectors of the covariance matrix;

xi represents the data vector and     represents 
the p by 1 sample mean

  x   x   x 

  x 
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p y p

• in other words, scores are computed from the 
centered rather than standardized variables
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SAS code for PCA: step by step

• correlation or covariance?  which one should be used? 

• PCA results can be very different based on the two 
matrices

b i l ti hi b t th i l d• no obvious relationship between the eigenvalues and 
eigenvectors calculated from the two matrices

• if the variables are on different scales and their 
variances are not on the same magnitude, using the 
correlation matrix would hide this fact

• if the covariance matrix is analyzed, variables with 
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large (small) variances to be more strongly associated 
with components with large (small) eigenvalues

SAS code for PCA: step by step

• re-examine the data “1984 national track records for 
women from 55 countries”

• variables are the time they took to finish the races

h t di t ( 100 200 d 400)• short distance races (m100, m200, and m400) are 
recorded in seconds

• long distance races (m800, m1500, m3000, and 
marathon) are recorded in minutes

• the variances are very different (see the next a few 
slides)
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• the analysis that has done was using the sample 
correlation matrix (by default with the procedure)
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SAS code for PCA: step by step

• covariance matrix on the “time” variables
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SAS code for PCA: step by step

• simple statistics on the “time” variables
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SAS code for PCA: step by step
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SAS code for PCA: step by step

• covariance matrix on the “speed” variables
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SAS code for PCA: step by step

• simple statistics on the “speed” variables
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SAS code for PCA: step by step
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SAS code for PCA: step by step
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SAS code for PCA: step by step
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SAS code for PCA: step by step

• PCA from the speed variables on the track data

• now the 1st principal component is
a

1
’x = a

11
x1 + … + a

1p
xpp

= .29x1 + .34x2 + .34x3 + .31x4 + .39x5 + .4x6 + .53x7

• its variance is λ1 = 0.9791 and explains about 83.7% 
variation, which is:

0.9791/(total variance) = 0.9791/1.1697991 = 0.8369813

• it is still a weighted average of the speeds except 

• Marathon contributes slightly more to the weighted
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• Marathon contributes slightly more to the weighted 
average

• 100 meter race contributes relatively less

SAS code for PCA: step by step

• PCA from the speed variables on the track data

• now the 2nd principal component is
a

2
’x = a

21
x1 + … + a

2p
xp

= 43x + 56x + 38x + 008x 2x 25x 51x= .43x1 + .56x2 + .38x3 + .008x4 - .2x5 - .25x6 - .51x7

• its variance is λ2 = 0.0986 and explains about 8.4% 
variation, which is:

0.0986/(total variance) = 0.0986/1.1697991 = 0.08428797

• 2nd principal component measures a difference 
between short distance and long distance speeds
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• 800 meter speed contributes very little to the 2nd PC

• the first two PCs together explain more than 92% of 
the total variation
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SAS code for PCA: step by step
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SAS code for PCA: step by step
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SAS code for PCA: step by step

• correlations between variables and principal components:

• recall the variance-covariance matrix     has 
eigenvalues                                   and the 
corresponding eigenvectors are a , …, a

    1  2  ...  p  0


corresponding eigenvectors are a
1
, …, a

p

• principal components are 
• variance of the principal components are 

• covariance between the ith variable xi and the jth
principal component is   

      a 1x, a 2x,..., a px

      var( a 1x) = 1,...,var( a px) = p

   jaji
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• correlation coefficient 
  j j

    
corr(xi ,y j)  aji

 j

var(xi )

SAS PCA and linear regression

• PCA and regression:

• consider a linear regression problem:

y = β0 + β1 x1 + … + βpxp + ε
• y is the dependent variable and x1, …, xp are the p 

independent variables

• the problem is to predict y by estimating the βs

• assume the random error ε from observations has mean 
zero and constant variance σ2 and uncorrelated 

• the estimated function   0 +  1x1 + … + pxp is the ˆ  ˆ  ˆ 

Supercomputing Institute
for Advanced Computational Research

© 2010 Regents of the University of Minnesota. All rights 
reserved.

estimated value for the response y for a given set of 
predictor values for x1, …, xp

  
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SAS code and linear regression

• with n observations, the n equations can be written in a 
matrix form:  y = Xβ + ε
• the vector y contains the observed values for the 

response variable y and β is the vector of parametersresponse variable y and β is the vector of parameters

• the least-squares estimates ’ = (   0,   1,…,    p) is 
obtained by solving the normal equation: X’Xβ = X’y 
• if  X’X is of full rank, the unique solution to β from 

the normal equation is: = (X’X)-1X’y
• otherwise, a generalized inverse or some kind of 

ˆ  ˆ  ˆ  ˆ 

ˆ 
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pseudoinverse may be used.  However there is no 
unique solution to the normal equation

SAS code and linear regression

• what about if some of the eigenvalues of X’X are not 
exactly zero, but close to?   

in other words, if X’X is ill-conditioned, this creates a 
problem of multicollinearity in regression analysisproblem of multicollinearity in regression analysis

• the estimates     of β are unstable and inflate the 
estimates 

• this inflates predictions of the response variable y for 
given sets of predictor X values

• to handle multicollinearity, some of the techniques are

ˆ 
ˆ 
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• ridge regression

• principal component regression
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SAS code and principal component regression

• ideas behind the approach:  

• look for estimators with a smaller mean square error 
than the usual estimator by allowing a small bias in 
the estimationthe estimation

• ignore the last few principal components in the case 
of the principal component regression

• procedure of principal component regression

• compute the principal components for x1, …, xp

• ignore the last a few principal components that 
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g p p p
explain negligible percentage of variability

• perform linear regression with the remaining PCs  

SAS code and linear regression

• the linear regression model on the PCs is

y = ξ0 + ξ1PC1i + … + ξriPCri + εi , i = 1, …, n

where PC1i,…, PCri , i = 1, …, n are the first r principal 
component scorescomponent scores 

• principal components are not correlated so for the 
regression using these PCs, there is no multicollinearity

• all original predictor variables are still in this model even 
though only the first r principal components are used

• some selection techniques may be used to decide which 
th fi t PC h ld b i l d d i th d l

Supercomputing Institute
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among the first r PCs should be included in the model

• selection:  rsquare, cp, or step-type procedures if many 
PCs are considered initially
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Biplot

• biplot for multivariate data matrix

• represent all observations and variables in one plot

• X n x p is a standardized (either with zero column mean or 
column mean zero and unit σ) data matrix with n rows ofcolumn mean zero and unit σ) data matrix with n rows of 
observations on p variables

• consider SVD on X:

where S is the r by r diagonal matrix of all positive 
singular values:  

•

  X US V 

    1  2  ...  r  0

    X  USS1 V  (US)(V S (1 ) )  G H 
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• some implementations of biplot use                                      

•
    1, 0.5, 0

    X  1u1 v 1  2u2 v 2

Biplot for PCA

• biplot for principal component analysis                          

• using the first two PCs:

• is the n by 2 matrix of scores on the first 2 principal 
components

    Xnxp  Gnx2 H 2xp

    Gnx2
components

• is the 2 by p matrix and its two rows are the first 2 
eigenvectors 

• under the representation with

• locations in the biplot of the n points are the same as 
the score plot of the first 2 principal components

    H 2xp

    1
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• the Euclidean distance between the ith and      rows 
of G approximates the Euclidean distance between 
the ith and the       rows in the data matrix X
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Friendly’s SAS macro “biplot.sas”

    1
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• PCA can be used to summarize data and detect 
linear relationships

• PCA can also be used to reduce the number of 

Summary

variables in multivariate analysis like in a 
regression or in a clustering analysis

• Plots from PCA can be very useful in exploring 
data and assist further analysis on the data

• Very easy to perform a PCA with SAS
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• PCA is just one of number of multivariate analysis 
techniques
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